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Abstract 


Answering a question of A.Zygmund in G.MacLane and L.Rubel 
described boundedness of L 2 -norni w.r.t. the argument of log |-B|, where 
is a Blaschke product. We generalize their results in several directions. 

We describe growth of pth means, p € (1, oo), of subharmonic functions 
bounded from above in the unit disc. Necessary and sufficient conditions 
are formulated in terms of the complete measure (of a subharmonic func¬ 
tion) in the sense of A.Grishin. We also prove sharp estimates of the 
growth of pth means of analytic and subharmonic functions of finite order 
in the unit disc. 

1 Introduction and main results 

1.1 Some results on growth and angular distribution of 
zeros of Blaschke products 

In the present paper we investigate an interplay between zero distribution and 
growth of analytic functions in the unit disc D = { 2 ; S C : \z\ < 1}. Especially 
we are interested in growth of logarithmic means. 

Given a sequence (un) in D such that — |an|) < 00 , we consider the 

Blaschke product 



( 1 ) 


It was A. Zygmund (see [22]) who asked to describe those sequences (a„) in 
D that 



is bounded. In m G. Maclane and L. Rubel answered this question using 
Fourier series method. 


I 



Theorem A f [22l Theorem 1]). A necessary and sufficient condition that I{r) 
be bounded is that J(r) be bounded, where 


LXJ - 


-k\ 


|an|<T 


at 


\an.\>r 


iK - a-^) 


Since it was difficult to check boundedness of J(r) they gave also the follow¬ 
ing sufficient condition. 

Let n{r,B) be the number of zeros in the closed disc l?(0,r); here and in 
what follows D{z,r) = {C G C : |C — ^1 < r}. 

Theorem B ([H]). If 

n{r,B) = 0{{l-r)~^), re (0,1), (2) 


then I(r) is bounded. 

They also noted that (I2|) is equivalent to the condition 


XI “ l“"l) = 0{Vl-r). 

\an\>r 


MacLane and Rubel also proved that @ becomes necessary if all zeros lie on a 
finitely many rays emanating the origin, but it is not the case in general. After 
that C. N. Linden ([T^ Corollary 1]) generalized this showing that it is sufficient 
to require that the zero sequence is contained in a finite number of Stolz angles 
with vertices on 9ID). The last assertion is a consequence of the following result. 
Let 

n{re‘^,u) = |C:?’< ICI < I argC - < crj. 

Theorem C f |191 Theorem 1]). If I{r) < M, 0 < r < 1. Then 


#{a„ G 7^(re*‘^, >f:(l - r)'*')} < 


cVm ji + 

r(l — r)i 
C^/Mil + v^) 
r(l-r)^“^ 


(3) 


Results of MacLane and Rubel show that the order of magnitude of the first 
estimate Q is the best possible. Linden ([IS]) also established sharpness of the 
estimate for 7 G [0,1). 

The main growth characteristic which will be studied here is pth integral 
mean of log |/|, where / is analytic in ID). Since our approach is natural for sub¬ 
harmonic functions we introduce means for the class of subharmonic functions 
in D. Note that log |/| is subharmonic provided that / is analytic. Characteri¬ 
zation of zeros of analytic functions / with log |/| G LP(ID>) is obtained in [2]. 

For a subharmonic function it in D and p > 1 we define 


mp(r,u) 



n 2 -K 

J \u{re^^)\Pd9 


0 < r < 1, 


Pp[u] = limsup 
rfl 


log'*' mp{r,u) 
- log(l - r) ■ 


2 









The growth of mp(r, log |/|) was studied in many papers, for instance |20) . 
m, m, m, m, 0 , m- Nevertheless, to the best of our knowledge, 
only one paper, namely |23] , contains criteria of boundedness of pth means when 
u = log \ B\. Unfortunately, proofs have not been published yet. 

In [23] Ya.V. Mykytyuk and Ya.V. Vasyl’kiv introduced two auxiliary func¬ 
tions defined on cffl) by (a„): 


V’r-(C) 


(1 - |Qn|)^ 

^ IC-flnP 


( G 9D, r G [0,1). 


and <p(C), which satisfies the relation 


(p{C) X $(C) := #{a„ : |1 - a„CI < 2(1 - |a„|)}. 


i.e. the number of zeros in the Stolz angle with the vertex C. They established 
that V'o and $ belong to the same classes L^’(9D), p G [l,oo), and i/'o log IV’ol 
and $ log |<I>| belong to L^(9D), simultaneously. Moreover, for a branch of log B 
in D with the radial cuts [a*,, j|^) the following statement holds. 

Theorem D ([23]1. Let B be a Blaschke product, and p G (l,oo). Then: 

1) mp{r, log B) is bounded on [0,1) if and only if ipo S LP{dD). 

2) mi{r,logB) is bounded if and only if tpo log'^ tpo G L^{dlD)). 

3) mp{r,log\B\) is bounded on [0,1) if and only if 

^271- / r27i- 1 _ ^2 \ P 

oSbX U |„» - 

4) V'o G LP{dB) supo<r<iWp(r,log|B|) < oo. 

5) ri{r,f) = 0((1 - r)~p) ^ supo<^<i mp(r, log |U|) < oo. 

Relations between conditions on the zeros of a Blaschke product B and the 
belongness of argi?(e®®) to LP spaces 0 < p < oo were investigated by A. Rybkin 

(Ell)- 

The following tasks arise naturally: 

i) Describe the growth of pth means of log |/| where / is a bounded analytic 
function in D, 1 < p < oo. 

ii) Find more ‘explicit’ conditions on zero distribution than that of Theo¬ 
rems A and D. 

iii) Extend the description on functions of finite order of growth. 

iv) Find simple conditions that provide a prescribed growth of mp(r, log |/|). 
In the paper we accomplish these tasks. 
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1.2 Complete measure and main results 


Our method is based on a concept of so the called complete measure of a sub¬ 
harmonic function introduced by A. Grishin in the case of the half-plane (see 
|14) . [Ihj'l. As it was mentioned there, this concept allows to obtain very sim¬ 
ple representation for a subharmonic function of finite order and defines this 
function up to a harmonic addend in the closure of the domain. 

Let SH°° be the class of subharmonic functions in D bounded from above. 
In particular, log |/| S SH^ if / G H°°, the space of bounded analytic functions 
in D. In this case (cf. [171 Ch.3.7]) 

u{z)= f log-pj^— f JT-^d^piC) + C. (4) 

where tp is a, positive Borel measure, /i„ is the Riesz measure of u (tni), and 
/d(1~ ICDc^MuIC) < oo- The complete measure A„ ofu in the sense of Grishin is 
defined [TilfTS] by the boundary measure and the Riesz measure of u(z). But, 
since [5] 


lim 

rtl 



log 


|re*® - Cl 

|1 — re'^Cl 


dfiuiOdd = 0 , 


— TT < 01 < O 2 < TT, 


i.e. the boundary values of the first integral from (jl]) do not contribute to the 
boundary measure, we can define A„ of a Borel set M C D such that M fl cUD is 
measurable with respect to Lebesgue measure on i9D by 


Xu{M)= [ (l-|C|)dMu(C)+V’(MnaD). (5) 

JnnM 

The measure X = Xu has the following properties: 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 


A is finite on D; 


A is non-negative; 

A is a zero measure outside D; 


dX 

dX 


an 


(0 = dipiC)', 


(0= (l-|C|)dM.(C)- 


If i? is a Blaschke product of form (ED, then Ajog|ij|(Af) lonD- 

Let 

= {C e ID) : Id > 1 - (5, |argC - ^\ < 

be the Carleson box based on the arc 

The following theorem describes the growth of integral means for u G SH^. 


Theorem 1. Let u S SH°°, 7 € (0,1], p S (l,oo). Let X be the complete 
measure ofu. Necessary and sufficient that 


hold is that 


mp{r,u) = 0((1 


271- 


XP{C{y^,6))dy^ 


r-tl, 

(6) 

" =0(6^), 0<S<1. 

(7) 


\Jo 
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Theorem 2. Let / G H°°, 7 G (0,1], p G (1, 00 ). Let A be the complete measure 
0 /log I/I. Necessary and sufficient that 

mp(r, log I/I) = 0((1 - r t 1, (8) 

hold is that 0 . 

Remark. It was proved in [3] that if suppA C i9ID), i.e., u is harmonic, 
7 G (0,1) then ([7]) is equivalent to (flUl) . 

Remark. Though Theorems 1 and 2 look like Carleson type results we 
cannot use standard tools (e.g. El Chap. 9 ]) here, because u and log|/| have 
logarithmic singularities. 

The crucial role in the proof of sufficiency plays Lemma [TJ In order to 
prove necessity of Theorems 1 and 2 we essentially use the fact that kernels in 
representation (U]) preserve the sign. The method allows to spread the sufficient 
part of Theorems 1 and 2 to functions of finite order of growth (see Theorems 
12 [5] below). 

Under additional assumptions on zero location of a Blaschke product (sup¬ 
port of the Riesz measure of the Green potential) (??) could be simplified. 

Theorem 3. Let 

u{z)=f\og-l^ — ‘^dpuiO, /(I - ICI)c^M«(C) < 00 , (9) 

Jd |1-^CI Ad 

a G [0,1), p G ( 1 , 00 ), a -I- i. Suppose that suppp,u is contained in a finite 
number of Stolz angles with vertices on 9D. Necessary and sufficient that 

mp{r, u) = 0((1 - r)"“)), r f 1, (10) 

hold is that 

n{r,u) := /x„(£)(0,r) = 0((1 - r)“““p),r f 1- (H) 

Similar to the case a = 0, the growth condition (ED is appeared to be 
sufficient for (flUl) when u is of finite order (see Theorem [5] below). 

Remark. Taking u = log |i?|, we obtain a generalization of MacLane and 
Rubel, and Linden’s results mentioned in Subsection 1.1. 

Remark. If a -f ^ > 1 correlations (HUD and ED become trivial, see remark 
after Theorem [5] 


1.3 Growth and zero distribution of zeros of finite order 


In order to formulate results on angular distribution for unbounded analytic 
functions we need some growth characteristics. The standard characteristics are 
the maximum modulus M{r,f) = max{|/( 0 )| : |z| = r}, and the Nevanlinna 
characteristic ([16]) T{r,f) = ^ \og^ \f{re''^)\ dO, = max{a;,0}. Note 
that both of them are bounded for f = B. Note that the order defined by 
T{r,f) coincides with pi[log|/|]. 

It follows from results of C.Linden [TU] that M(r, /) does take into account 
the angular distribution of the zeros when it grows sufficiently fast, namely, 
when the order of growth 


Pm[/] = limsup 
rtl 


log+log+M(r,/) 
- log(l - r) 


> 1 . 
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To be more precise, consider the canonical product 

OO 

V{z, (afc), s) := E[A{z, a^), s), 

k^l 


where 


E{w, s) = (1 — w) exp{rt; + /2 + • • • + rc®/s}, s G 


1 - idP 

is the Weierstrass primary factor, A{zX) = -z G D, C G 


Let 


1-zC 

1 — r' 


jy(j,g*v) be ^ 1^0 number of zeros of V in □(re*‘^). We define 

^ ^ r log+:^(re*‘^,T’) 

= hmsup-—-—, v[P]=snpiyi{(p). 

rfl iiHi r) ip 


With the notation above we have ([181 Theorem V]) 
Pm\P\ 


= v[V], Pm[V]>1, 

< iy[P] < 1 , pm[V] < 1 . 


Given a Borel measure p on D satisfying 

[{i-\c\r+Upf{o<^, sgnu{o}, 

define the canonical integral as 

U{z;p,s) := [ log\E{A{z,C),s)\dp{C). 
Jd 

Let {q > —1) 


( 12 ) 


(13) 


(14) 


(15) 


5«(z) = r(i + g)( 


(1 - z)9+l 


-l), Pgiz)=ReSgiz), SgiO)=Tiq + l). 


Note that Sq and Pq are the Schwarz and Poisson kernels, respectively. 
Let u be a subharmonic function in D of the form 


2-17 

u{z) = u{z-, p, s) - ^ J Ps{ze~^'^)dip*{9)+C, (16) 

0 

where ip* G i3P[0,27r], p is the Riesz measure of u satisfying (fldl) . Note that 
every subharmonic function u of finite order in D, i.e. satisfying logmax{u(z) : 
\z\ = r} = O(logY^) (r t 1 ), can be represented in the form (fTOl) for an 
appropriate s G N U {0} ([IZ], [HI Chap.9]). 

Let M be Borel’s subset of ID) such that M fl 91D) is measurable with respect 
to the Lebesgue measure on cUD. Let u be a subharmonic function in D of the 
form (Hg. We set 


XuiM)= [ {i-\c\r+^dpu{0+i^iMndi}), (17) 

v/DnM 
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where is the Riesz measure of u, -0 is the (signed) Stieltjes measure associated 
with '0*. Note that, in the case u = log |/| we have fiiog |/|(C) = ~ 

where (a„) is the zero sequence of /. 

Let |A| denote the total variation of A. 


Theorem 4. Let u be a suhharmonic function in U) of the form (HSl), 7 e 
(0, s + 1], p € (1, oo). Let A be defined by ([TTll . If 




0((5^), 0<<5<1, 


(18) 


holds, then 

TOp(r,'u) = 0((1 - r)'>'“®“^), rfl- (19) 


Theorem 5, Let f be of the form 


277 

f{z) = CqZ^'P{z,{ak),q)exp^-L J Sq{ze~"^)dif*{9)Y (20) 

0 


where ip* € BV^,2tv\, (dk) is the zero sequence of f such that^f,(\—\ak\Y^"^ < 
+c», V G Cq G C. Let 7 G (0, s + 1], p G (1, oo). Let A be defined by (fT71) 
/or ii = log I/I. If 


0((5^), 0<<5<1, 

(21) 

rtl. 

(22) 


holds, then 


Remark. Suppose that /i is 1-periodic measure on R finite on the compact 
Borel sets, and p > 1. Then 


a; — i5,X + (5)) ) dx I =0(6^), (5g(0, 1). 


In fact, assume that p([0,1)) = C. Then by Fubini’s theorem 

J ^/r((x — d, X + d))^ dx < {2Cr~^ J fi{{x — S,x + S)) dx = 

= {2cr-^ f f 

Jo J(i 


< {2Cr-^ / dp(y) / 
J-s JU 


d^{y) dx < 

0 't (x —5,3:+(5) 

dx < 2Sfi{{-S, 1 + <5)) < 3{2C)P6. 


' (y-^,y+^) 

It follows from representation (na that pi[u\ < s. Then m implies 


Pp\u]< s + l -. 

P 


It is known that this is a sharp inequality (Eni m]), in general. However, 
Theorems m and [S] characterize classes where Pp[u] takes a particular value. 
Examples in Section 4 show that the assertion of Theorem!^ is sharp. 

The following theorem provides a sharp estimate for means of canonical 
integrals or products in terms of growth of their Riesz measures. 
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Theorem 6. Suppose that u is of the form USD, s € N U {0}, p £ (1, oo), and 
a > 0 are such that a + i<s + l. If CD holds, then CD is valid. 


2 Kernels Ks{zX) and representation of func¬ 
tions of finite order 


We define 


K{z,0 = 


G{zX) 1 

1-ICI 1-ICI 


log 


1 -zC 


^-c 


£ ID, C, £ ID, z ^ Q, 


where G{z,C,) is the Green function for D. We have the following properties of 

it:(z,C), -2 = C = 

Proposition 1. The following hold: 

a) Kiz,0) = -log\z\. 

b) 0<K{zX)<j^- 

c) If D <s]D>, then uniformly in z £ D 


d) 


\imK[z,pe^^) = V = Po{ze 

pfi \pe^^ — zY 




Proof of the proposition, b) We have 


0 < K{re^^,pe^^) = 


1 


■log 


< 


2(1-p) 
1 


log( 


1 — 2rpcos{p — 9) + r^p^ 
2(1 — p) “ r 2 _ 2rpcos((p — 9) + p^ 

(l-r 2 )(l-p 2 ) 


1 + 


— 2rpcos((p — 9) + p"^ 


< 


(l-r2)(l-p2) 


< 


1 _ J .2 


2(1 — p)r‘^ — 2rpcos((p — 9) + p^ \re'’^ — ' 

c) The assertion easily follows from the equality 

(l-|zp)(l-|cn^ 


*'<=•<) = 2(T^‘“®( 


1 + 


k-CP 


see b). 

d) It is proved in [7]. 


□ 


Due to d), we set := Po{ze~^^) preserving continuity of K on i9ID 

with respect to the second variable. 

Let s G N. We write 

^s\Z,C ,)— i^Qs+1 ’ C £ ID, 0 G O, 0 ^ 

i.e. K{z, Q = Ko{z, (), we set Ks{z, z) = —oo, 0 G ID. 
center z and radius a £ (0,1]. 


Let D*{z,a) = {C : | | < cr} be the pseudohyperbolic disc with the 




















Proposition 2. The following hold: 


i) 


a) 




\Ks{zX)\< 


C 


log 


l-< 


(1-|C|)*+1 




(23) 


(24) 


in) If z € D <s'D, then 


Ks{z,p^^) 


2S+1 


Re 


1 


s + 1 (1 - ze-*®)®+i 


2^Ps{ze-^^) 
(s + 1)! 


+ C'(s), p 11- 


Proof of the proposition. The upper estimate for Ks{z, f) 


(ys-\-2 (y2.s-\-^ 

K,{zX) < 71 -7qT7TTl^(^.C)r+' < ^ r, Z £ U, C £ 


(25) 


follows from the known estimate of the primary factor i pSl Chap. V.IO]). Also, 




(1-|C|)^+1 


(26) 


provided that |A(z,^)| < ^ so 


i/cc.oi< 


(s + 1)(1 - 10'’+^ “ s + 1 |1 - ’ 

Hence, it remains to consider the case when |A(z, C)| > 

Since for all z G D, ^ G D |A(z,C)| < 2, we have for ^ D*{z,j) 


if«(z,C)(l-|CI)^+ =log 


2 -C 


1-zC 


Re^4M)>_l„g7-^- = 


2 ^ 


i=i 

s+l I 


i=i 


|S + 1 


Hence, 


= -C(s)>-C(s)2^+^|A(z,C)| 




(27) 


and i) follows. 

Similar arguments give ii). 

Let us prove iii). If 0 G I? (s D, then it follows from the representation (l26ll 
that 


Ks{z,pP^) 


2S+1 I 

-R ,6 - 

s + l (l-ze-*»)"+i 


2 ®P«(ze-*®) 
(s + l)! 


C(s), ptl. 


□ 
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Due to properties of Ks{z,Q the representation (fTBl) could be rewritten in 
the form (cf. [2], [131 Part II]) 

u{z) = - [_Ks{zX)dX{0+C, (28) 

Jb 

where = ^d'ip*{0), and A = A„ is defined by (IT71) . 

Similarly, for any u G SH°° we have the following representation (cf. (H])) 

u{z) = - [ K{z,C)dXui(:)+C. (29) 

Jb 

Remark. The idea of such representation goes back to results of Martin [TJ 
Chap. XIV]. 


3 Proofs 

Sufficiency of Theorem]^ We write 

ui{z) = - [ K{z,C)dX{C), U2{z) = - [ if(z,C)dA(C). 

Jd*{z,^) Jb\D*{z,\) 


Let us estimate Ji = lui(re*‘^)l^’d(^. 

By the Holder inequality 


< 


\ui{re^^)\ = 


/ 


log 


I - re*‘^C 


(log 


1 — re®‘^C 




dAi(C) < 




j-giip _ 


di^{0\ (/i(D*(re*^,i))) 


P-1 

P 


hence 


h < 


log 


I - re*‘^C 




' dyi{O^^P-^[D*[Te^r\)))dy>. 


D*(re^'^,y) 


Since D*{z, 2 ^) C D{z, (1 — \z\)h) ([5]), with h = A we get 

£i(z,(l- l^l)^)c 0 ( 2 ,i(I- Jz])), 

where □(re*‘^,CT) = {pe*® : Jp — r] < cr, — p] < cr}. Therefore, using Fubini’s 
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theorem, we deduce 


h < 


-77 VJn(z,i(l-r-)) 


(log 


1 - re*‘^C 


< 


-77 \Jn(zMl-r)) 


rg}v — ^ 

1 - 


^(piz,^i^-r))'jdniC)dip 


< 


< 


// (‘“® 


) V-l(□(re*^ ^(1 - r))) d^,{pe^^)d^ = 


1 - 


re^v — pe 


-77-i^<e<77+-! 


|e-vl<- 


< 


2 J ^P-i(n(^e*argc^2^i_^) 


1 - re*‘^C 


IICI-d<i(i-^) 

We know that m) for any a, & G C, and p > 1 


— C, 


dp dp{C)- 


log 


a — e 


iO 


b- 


oiO 


d9<Cip)\a-b\ 


holds. Using this inequality we obtain (r G (^, 1)) 

/i <4C(p)(l-r) J pP-^(a{re^^^Si,^il-r)))dp{0. (30) 

IICI-d<|(i-0 

In order to proceed we need the following lemma. 

Lemma 1. Let v be a 27: periodic positive Borel measure on R, p > 1, d G (0, tt). 
Then 

/ 2 P +1 f 

i^P-\{e-S,e + 6))diy{9)<^ iyP{{9-S,9 + 6j)d9. (31) 

— TT.Tt) ^ t/f —tt.tt) 


Proof of Lemma [TJ First, we prove (1511) for p = 10. 
We have 


rS+i 


/ di'{9) = - dxdv{9) < 

'[—7r,7r) J[—7r,7T) ^ Jo—^ 


[ dx / 

[-77-|,77+|) J[X-^,X+^) 

S ^ , S 


-du{9) = 


[-77-|,77+|) 


(5 

< 2 


«/ [—7r,7r) 

v{{x — (5, a; + d)) 


v{[x — I, a; + D) 

-22- Uldx < (32) 


dx. 


' [—7r,7r) 


(33) 


We now consider arbitrary finite p > 1. Applying (15^ with dvi{9) = 


^The author thanks Prof. Sergii Favorov for the idea of the proof of this lemma. 
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uP ^{{0 — S,0 + S))diy{9), we get 


j vP-\{e - 5,0 + 5))dv{e) = J diyi{0)<2 j 


t^i{[x- |,a:+ I)) 


[—7r,7r) 


= 2 


[—7r,7r) [—7r,7r) 

i'P-\{0-5,0 + S))dj^{0)dx < 


[—7r,7r) 


[rc-f ,£c+4) 


< 2 


tyP ^{{x - ^,x + ^))iy{[x - ^,x+^)) 


dx < 


[—7r,7r) 

< 2 


iyP{ix-f,x+f)) 


dx < 


' [—7r,7r) 


< 2 


uP{{x- f,x)U[x,x+f)) 


' [—7r,7r) 


< 2 ^ 




dx < 
l'P{[x,X + ^,x)) 


dx = 


dx < 


' [ —TTjTt) 


' [—7r,7r) 


< 2 P +1 


i'P{{x — 5,x — Sj) 


dx. 


The lemma is proved. 


□ 


Let us continue the proof of the sufficiency. 

We denote the nondecreasing function 

Nr{0) = A({pe*“ : |r - p| < |(1 - r), -TT < a < 0}), 0 G [-tt, tt). 

We extend it on the real axis preserving monotonicity by Nr{x + 2tt) — Nr{x) = 
Nr{2'K) — W(0), X G K.. Let Vr be the corresponding Stieltjes measure on K. 
Estimate (P|) can be written in the form 


h < 


C 


(1 - r)P-i 


A^’-i(n(re*a"g«J(l-r)))dA(C) 


IICI-d<4(i-0 


C 


(1 - r)P-i J_ 
< 2 P +1 


2(1 - r)P 


J\ - ^(1 - r ),0 + ^(1 - r)])dM0) < 

J ^+ ^{1-r) ^d0 < 


< 


C{p) 

(1 - r)J 


£ A^(□(re*^ ^(1 - r))) d0 < ■ 


We have used Lemma [T] and the assumption of the theorem on the complete 
measure. 

Thus, we have 



\ui{re'^‘P)\P dip^ 


P 


< C{p){l 


r)^-\ 


(34) 


Let us estimate U 2 (z) = -/„ iL(z, C)dA(C), where dA(C) = (C)rfA(C). 
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Since supp An-D*(z, y) = 0 , for ( ^ D*(z, y) we have by Proposition 1 that 

49(1-|zp) 


K{z,0< 


|l-zCT 


(35) 


Let En = i?„(re*‘^) = C((p, 2"(1 — r)), n G N, i?o = 0- Then for C, = G 
D \ En{z), n > 1, we have 

|1 - > |1 - - p(l - r) > 2”(1 - r) - (1 - r) > 2 "-i(l - r). 

and |1 — \ > 1 — rp > 1 — r for ^ G Ei{z). Therefore (i + ^ = 1) 


41og2 ih: 


\u2{rEn\^<({ ^ / +/) 

\\ n—l En-[-l\En JEiJ 


\£„ Jei/| l-re*‘^CI 




[iog 2 tTfI 


<49^ E 


2 ( 1 -r) 


< 


(^)' E 


^ Je„+i\e„ (2” Hi - H) 
[log2 Hvl + l 


rdA(C) + 


! El 




1 — r 


XP{En{z))f^ ^^(p) ^AHi^n(H) 


2i«p i^E 2^11 


< 


E 


(1 - r)P ^ 

^ ^ n—l 


(36) 


It follows from the latter inequalities and the assumption of the theorem 
that (r G [H 1)) 


C{p) 


\P{En{rEP)) 


2 fnp 


< 


^ C{p) - (2»(l-r))P^ 

“ (1 - r)P ^ 25"P 

^ ^ n=l 


(1 - r)P(i”T') 


E2 

n=l 


"P(7—I) ^(P; 7 ) 


(1 - r)P(i-')') ■ 




C(7,P) p 


Sufficiency of Theorem 1 is proved. 

Necessity. Using property d) of Proposition 1, we obtain 


|u(re*^)| > 


/ KirE^, C) dA(C) > ^ / I "" dXiC). 


Elementary geometric arguments show that Ire*"^ — pe*^| < Ire*"^ — e*^| for 1 > 
p > r > 0. It then follows that 


|M(re*Hl > 


1 _ J .2 


12 


lc(v,^) - e 


1012 


> 


1 1 — N 


dA(pe*H > 


- 3(^ + 1) {l-rY JcwP-^ 


dX{pe^^) > 


— -r J.; V- ■, 3(2^ + l)(l — r) 

By the assumption of the theorem we deduce that 
C 


(1 - r)(i-Up - 7o 


>/ |M(re*‘^)|Pd(p> C 


/2-AP(C((p,i^))dp 


(1 - ry 
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Hence AP(C(ip, dip = 0((1 — r)^^) as r f 1- This completes the proof 
of necessity. □ 

Proof of Theorem 3. Due to © we write 


According to (1^ 


u{z) = - f Ks{z, C) dA(C) = 

[ Ks{z,C)dX{C) - Ksiz,C)dX{C) = ui+U2. 

Jd*(z.I) Jn\D*{z,\) 


\ui{z)\ < C(s) / log 
dD*(^.i) 


1 -zC 


^-c 


dM(C). 


Its estimate repeats that for the case s = 0. 

Let us estimate pth means of U 2 (z). Using Proposition 2 we deduce (cf. 
proof of Theorem 1) 


d'°g2 iAfI 


U2{re^n\^<(( ^ / +f) 

\\ n—1 Ein-\-l\En j El/ 






< 


g + ' \X\nEn{z)) 

^ ' n—1 




1 \ p' 


< 


< 


C 


E 


\y{Eu{z)) 


(1 — r)(®+i)P 

^ ' n—1 

It follows from the latter inequalities and the assumption of the theorem that 

“ |A|(U„(re*‘^)) 


[ \Mren\'d^< 


T. 


2(s+5)np 


■ dp < 


< 


C(p) “ (2"(1 - r)r ^ g(P,7) ^ 


(1 _ y.)(s+l)p 2{s+^)np _ ^jp(s + l-7) ' 




Finally, 


\u2{re^^r dpf 


<_E2iZE re[iil 

-(1_7.+i-7’ ^ L 2 ’ 


□ 


Proof of Theorem\^ Without loss of generality we assume that supp /i„ C {z £ 
D : |l-z| < 2(1- |z|)} =: A. 

Neccesity. Note that TZ{1 — S,2S) C C{p,S) for p £ [—15, ^]. Applying Theo¬ 
rem [T] we obtain 


i-s 


XP{n{l-S,26))dp] =0(5^-“), 0<(5<1, 


or 


/r„(7e(l-5,2(5)) = 0(5-“-p), 0<5<1. 
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Since 


(37) 


A c D( 0 , U (J 7 ^(l - 2 -", 2 i-") 


n—1 


we deduce 


i(l - 2“'=, m) < C ^ + C7 = 0(2'=(“+p)), fc e N, 


n=l 


and the assertion follows. 

Sujficiency. It follows from the assumptions that 


Then 


A(7e((l - A6)) = <5 i 0. 


A(C(v,i)) < a(U AO. 


n—0 

Since supp^„ C A, we have 

('27tS 


n—0 


/ tT pZiTO 

XP{C{ip,5))dip= / AP(C((/j,(I))dv? = = O((5P(i-“)),<5i0. 

-TT J—27rS 


It remains to apply Theorem [TJ 


□ 


Proof of Theorem\^ We confine ourselves to the case s = 0. We keep the 
notation from the proof of Theorem [1] It follows from estimate (l30ll that 

J \ui{re^‘P)\P dip < (I—r)n^“^^(r+^(l—r),'u^)n^(r+i(I—r),u^) = 0^(1—r) 

(38) 

Let us estimate pth mean of U 2 - We use estimate (I55t . integral Minkowski’s 
inequality ([^ §A1]), standard estimates, and integration by parts 


—a.p 


< 


(£i..,„-oi'..)Ac(£(/^^^.A(o)'..)i < 

= C(l-r) [' r 

Jo (I — rt)^ p \Jo (1 — t)^ p 


(I — t)dn{t,u)'\ ^ C 


)<--/ n{t,u)dt = 0{{l-r) r f 1. 

/ [I — r) P Jr 


Jr {1-ry—p J [l-rY p Jr 
Taking into account (I38p . we obtain desired estimate. 


□ 
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4 Examples 


Example 1. Following Linden m Lemma 1], given a > 1, (3 G [0,1], we 
consider the sequence of complex numbers 


^k' 


— k\Am2 


= (l- 2 -'=)e 


1 < m < 


(39) 


where each of numbers (l39l) is counted [2“^] times. Then for V{z) = 'P{z, {ak,m), s), 

/ \a+P 

where s = min{q G N : q > a + f3 — 1} we have (see [5T]) n(r, V) x ( ) , 

v{r,V) X (t^) ’ ^ t 1- Therefore, by Theorem A [15] pm{P] = a. In [5T] it 

is proved that Pp[log \ V\] = a + We are going to prove that 




\P{CA,5))dip] >C(S' 


cs+1 —a — 


/3-1 


p ), 5 i 0. 


(40) 


It would imply that restriction (USD could not be weakened. 

We first assume that /3 G (0,1). Given S G (0, i5o) we define (ps = — ttS, 

where <5o is chosen such that (ps > 0. Note that (ps ^ S^~^, <5 0. According to 

the definition of C{ip,S), ak,m G C(ip,S) if and only if 


I ~ lofc.ml = 2 < (5, (p — ttS < m 2 < ip + ttS. 


(41) 


Let G((p,6) denote the set of {k,m) such that (HTll is valid. It is easy to check 
that for ip G (0, ipg) the set G(ip, 6) is not empty. Let 

ki{(p) = min{A: : 2 “^[ 2 ^^] < (p + tt5}, 

where ip G ( 0 ,(/? 5 ). Since kiijp) tends to infinity uniformly with respect to ip G 
(0, ips) as i5 I 0, one can choose di so small that for all 5 G (0, 5i), ip G (0, ips) and 
k > ki{ip) the inequality ^ holds. Under this assumptions 

we deduce subsequently from the definition of ki = ki{ip) that 

|2'=i(^ + ^<5)-2^'=i| < 1, 


ip + TtS ip + Ti'S 


(42) 


\ki - 


1-/3 


l 0 g 2 


ip + ttS 


< 1 . 


It follows from the definition of ips and 

(1 2-fci/5)T^ 


2fci > 


that 


> —, 0 <ip < ips, 

TTO 


(43) 


Then, according to (HTll . (H51) for d G (0, min{i5o, ^i}) and ip G {\ips,ips), <5 0 

[2'=i(¥>+7r5)] 

\{C{ip,5))= > Y > 

(/c,m)eG{(jO,(5) m—[2^1 (ip—7ri5)] + l 

> [2“'=i]2"'=i('*+i)(2'=i27r(5 - 2) > [2“'=i]2"'"i®7r5 > ~ 

2 2 \ipJ 

(44) 
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It follows from the last estimate that 


r*27r 




tt5 ( 




) = 


2(f5fP+l) 




+ -^ 


Vs 


Vsl‘2 


C{s, a,p)5 


1+s—a — 


g-i 


^ io. 


In the case /3 = 1 the arguments could be simplified. By the choice of s, 
s > a. For 0 < (fi < ^ , according to gu we deduce 

oo [2^(¥’+7r5)] 

X{C{^,S))= Y. E > 

fc^[log2 ^] + l m—[2^{(p—7T6)] + l 
oo oo 

> Y [2“'']2-'=("+i)(2'=27r5-2) > Y [2“'=]2”'''*7r<5 > 
fe=Pog2 -J-l + l fe=[log2 ll + l 

nS 


> __ \ ' ^ jl+s—a 

- 9 2-^ 


fc=[log2 il + 1 


(A(C'(v?,(5))fd(/?) > C(s,a,p)5i+'*-“, <5; 0. 


Hence, 


If /3 = 0, then all zeros Ofe = 1 — 2 ^ are located on [0,1), and s > a — 1. For 
(fi G (—7rS,7rS) we then have according to ()^T|) 

OO OO 

A(C'((p,^))= Y [ 2 “'=] 2 -'=('*+i) > C Y X ^ 1 +*-“. 

^^[log2 ^] + l fc^[log2 ^] + l 

Then 

.277 


'0 


{X{C{p,SWd<py >CS^+‘^-°‘(^J d^y =C{s,a,p)S^+^-‘^+K JiO 

as required. 

Example 2. Let f{z) = exp^j^y q > —1, /(O) = e. In this case 

f{z) is of the form (ISHI) with (cfc) = 0 , ip*{0) = H{9)mo, mo > 0 , where H{9) 
the Heaviside function, i.e. A(C) = 'rnod{( — 1). It is easy to check that 


^271- 


{X{C{p,6))ydp] =mo{2TTS)p, 


and mp{r, log |/|) x (1 - r)p 


i-9-i 
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